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Abstract 

We study qualitative positivity properties of quasilinear equations of the form 

Qa,p,v[v] ■= —div(|Vu|^“^A(a;)Vw) + V{x)\v\^~'^v = 0 a; G H, 

where H is a domain in R", 1 < p < oo, A = (aij) G is a symmetric and locally uniformly 

positive definite matrix, U is a real potential in a certain local Morrey space (depending on p), and 

n 

ICii ■-A{x)^-^= xen, ^ = gR". 

*, 3=1 

Our assumptions on the coefficients of the operator for p > 2 are the minimal (in the Morrey scale) that ensure 
the validity of the local Hamack inequality and hence the Holder continuity of the solutions. Eor some of the 
results of the paper we need slightly stronger assumptions when p < 2. 

We prove an Allegretto-Piepenbrink-type theorem for the operator Q'a,p,V’ extend criticality theory to 
our setting. Moreover, we establish a Liouville-type theorem and obtain some perturbation results. Also, in the 
case 1 < p < n, we examine the behavior of a positive solution near a nonremovable isolated singularity and 
characterize the existence of the positive minimal Green function for the operator Qa.p,v[ii] in 
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1 Introduction 

Let be a domain in R", n > 2. The Allegretto-Piepenbrink (AP) theorem asserts that under some regularity 
assumptions on a real symmetric matrix A and a real potential V, the nonnegativity of the Dirichlet energy 

|Vm|^ + V dx > 0 for all u G (7“(12), 

is equivalent to the existence of a positive weak solution of the Schrodinger equation 

— div(A(x)Vu) + = 0 in 12, (1.1) 

where 

n 

1^1^ := A(x)C • C = X! ^ 0 Vx G 12, andV^ = G M". (1.2) 

After the original results in 0,1331, a sequence of papers gradually relaxed the assumptions on A and V (see 
El, El, 0 and 0). It was established by Agmon in ||3l that if A G L“j.(12; is symmetric and locally 

uniformly positive definite in 12, and V G with q > n/2, then the AP theorem holds true. If A is the 

identity matrix, further relaxation on the regularity of V is established in ll45l §C8], albeit some global condition 
on V~ is required there. We refer to Il24l and references therein for an up to date account. 

A generalization of the AP theorem to certain quasilinear equations with A being the identity matrix and 
V G I/“j.(12) has been carried out in lIMl . This was recently extended in IMI to include Agmon’s assumptions on 
the matrix A. More precisely, for 1 < p < oo, A as above, and V G L“^(12), the nonnegativity of the functional 

Qa.p.vM :=y (|Vw|P +I/(x)|u|p) dx > 0 for all m G (7“(12), (1.3) 

is proved to be equivalent to the existence of a positive weak solution to the corresponding Euler-Lagrange quasi¬ 
linear equation 

Q'A,p,vbA ■= -div(|Vx|^“^A(x)Vx) -f V{x)\v\^~'^v = 0 in 12. (1.4) 

Clearly, the quasilinear equation (11.41 satisfies the homogeneity property of equation (11.11 but not the additivity 
(such an equation is sometimes called half-linear). Consequently, one expects that positive solutions of (11.41 would 
share some properties of positive solutions of (fTTI i. 

An essential common implication of the various assumptions on A and V in the aforementioned results, is the 
validity of the local Harnack inequality for positive solutions of (11.11 and (11.41 . For instance, Agmon’s assumption 
on V is optimal in the Lebesgue class of potentials for the Harnack inequality to be true. We stress that when the 
Harnack inequality fails, then the AP theorem might not be valid. Indeed, denote p' := p/{p — 1) the conjugate 
index of p, and suppose that A is the identity matrix. Let V G (i2), where 27“^’^ (12) is the dual of I2p’^(12) 

which is in turn defined as the closure of (7()°(12) under the semi-norm || VM||iP( 0 ;Rn). If in addition to (11.31 . one 
has that 

|Vu|P - kV\u\P^ dx > 0 for all u G (7“(12), 
for some positive constant fc, then the equation 

— div(|Vx|^“^Vu) -I- = 0 in 12, (1.5) 
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admits a positive solution (in a certain weak sense) for any a € (0,p^), where < 1 is given explicitly and 
depends only on p (see ED Theorem 1.2 (i)], or ll^ Theorem 1.1 (i)] forp = 2). Moreover, this range for a is 
optimal as examples involving the Hardy potential reveals (see ED Remark 1.3], or EOl Example 7.3] forp = 2). 
We note that under the above assumptions, the local Harnack inequality for positive solutions of (ll.51 l is in general 
not valid. 

The first aim of the present paper is to extend the AP theorem for the operator Q'j^ p y by relaxing significantly 
the condition V € In particular, under Agmon’s (minimal) assumptions on the matrix A, we require V 

to lie in a certain local Morrey space, the largest such that the Harnack inequality for positive solutions (and hence 
the local Holder continuity of solutions) holds true. This means that we assume (see for instance Ii48] §5], m, 
li28ll and also Ha for (fTB l 

sup ^qif) / |E|da;<cx) for all w g H, (1.6) 

2 / 6 “^ JujnBr-iy} 

0<r<diam(ci;) 

where ipg (r) has the following behaviour near 0 

with g > n/p ifp<n, 

V’qi''') i log'^^"'“^^^"'(l/r) with g > n ifp = n, (1.7) 

r—fO 

''1 if p > n. 

We prove in addition, that the assertions of the AP theorem are equivalent to the existence of a weak solution 
T € R") of the first order (nonlinear) divergence-type equation 

-div(AT) + (p-l)|r|P' = E. 

We refer to li20l Theorem 1.3] for a related result with A equals the identity matrix and p = 2. 

Recall that in general functions in Morrey spaces cannot be approximated by functions in C°° (H), nor even by 
continuous functions (see Il49l l. Therefore, we cannot use an approximation argument to extend the AP theorem 
to our setting. Consequently, we need to start our study from the beginning of the topic and present in detail proofs 
involving new ideas. 

Another aim of the paper is to extend to the above class of operators several classical results and tools that 
hold true in general bounded domains (cf. QElEa, where stronger regularity assumptions on the coefficients 
and the boundary are assumed). In particular, we prove the existence of the principal eigenvalue, establish its 
main properties, and study the relationships between the positivity of principal eigenvalue, the weak and strong 
maximum principles, and the (unique) solvability of the Dirichlet problem. 

We then proceed to our main goal; establishing criticality theory for Oi l with A and V satisfying the above 
assumptions. To present the main results of the paper, let us recall that in case inequality (11.3b holds true but 
cannot be improved, in the sense that one cannot add on its right hand side a term of the form dx with 

a nonnegative function W ^ 0, then the nonnegative functional Qa,p,v is called critical in H. Furthermore, a 
sequence {ufelfegN C Wq’^{VL) is called a null sequence with respect to the nonnegative functional Qa,p,v in ^ if 

a) u/c > 0 for all fc S N, 

b) there exists a fixed open set AT (g H such that = 1 for all fc S N. 

c) lim QA,p,v[uk] = 0, 

^—>■00 

A positive function cj) G (H) is called a ground state of Qa,p,v in Hif (/> is an limit of a null sequence. 

Finally, a positive solution u of the equation Q'^ p y [w] = 0 in fl is a global minimal solution if for any smooth 
compact subset K of H, and any positive supersolution v € C{il\ intAT) of the equation Q'^ p y [w] = 0 in H \ AT, 
we have the implication 

u < u on dK M < u in H \ AT. 

The central result of this paper is summarized in the following theorem. 
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Theorem (Main Theorem). Let Ll be a domain in R", where n > 2, and suppose that the functional Qa,p,v is 
nonnegative on where A is a symmetric and locally uniformly positive definite matrix in Ll, and 

f A € and V satisfies ( 17.61) with (pq as in (11.71) ifp > 2, 

I A ^ R"^"), 7 G (0,1), and V satisfies ( 17.61 ) with tpq ^ r'^ ,q > n ifp < 2. 

Then the following assertions are equivalent: 

7. Qa,p,v is critical in Q. 

2. Qa,p,v admits a null sequence in LI. 

3. There exists a ground state f which is a positive weak solution of dll- 

4. There exists a unique (up to a multiplicative constant) positive supersolution v of (11.4b in LI. 

5. There exists a global minimal solution u of (11.4b in Lt. 

In particular, f = ciV = C 2 ufor some positive constants Ci, C 2 . 

Moreover, ifl < p < n, then the above assertions are equivalent to 

6. Equation (US does not admit a positive minimal Green function. 

Remark 1.1. The additional regularity assumptions on A and V for the case 1 < p < 2 in the Main Theorem 
seems to be technical, and might be nonessential. However, these assumptions guarantee the Lipschitz continuity 
of solutions of (11.4b (in fact they guarantee that solutions are see ll^ Theorem 5.3]), a property which (as in 
|l38][36l) is essential for the proof of the Main Theorem in this range of p. On the other hand, throughout the paper 
we do not use the boundary point lemma, which was an essential tool in IITtII^I^ . 

The structure of the article is presented next. In (12. II we define the local Morrey space of potentials V we are 
going to work with, and also present an uncertainty-type inequality for such potentials due to C. B. Morrey for 
p = 2, and D. R. Adams (see §1.3]) for 1 < p < oo, that holds true in this space. This is the key property that 
is used in Il28]l48l in order to extend Serrin’s elliptic regularity theory 11441 for such equations. In il2.3l we recall 
several well-known local regularity and compactness properties of (sub/super)solutions of equation (11.4b found in 
jm and ED. 

In (]3]we deal with bounded domains. Firstly, in (13. II we establish some helpful lemmas, including the estimate 
(13.6b that extends to our case, a well-known inequality of R Lindqvist lIZTl proved for the p-Laplace equation and 
concerns the positivity of the corresponding I functional of Anane |[8l (see also Diaz and Saa IfTOl l. We note that 
(13.6b replaces throughout our paper Picone’s identity of Allegretto and Huang Q ; a key tool in II38II36I . In addition, 
we prove in (13. li the weak lower semicontinuity and the coercivity for two functionals related to the solvability of 
the Dirichlet problem in bounded domains. In (13.2l we use the results from (13.1l to prove the existence, simplicity 
and isolation of the principal eigenvalue Ai in a general bounded domain. Then we extend the main result in 
El concerning the equivalence of Ai being positive, the validity of the weak/strong maximum principle, and the 
existence of a unique positive solution for the Dirichlet problem 

Q'a,p,v[^] = 9 tnuj, V £ where g £ {p; oj) is nonnegative. 

In passing from local to global, the results in bounded domains of (j3]are exploited in the last two sections. 
More precisely, in (14. II we establish the AP theorem while in il4.2l we prove among other results the equivalence 
of the first four statements of the Main Theorem. In addition, we prove a Poincare-type inequality for critical 
operators, and a Liouville comparison principle, generalizing results in ll3^ and llT5l l40l . respectively (see also 

ESI). 

The last two statements of the Main Theorem are treated in (15. 3 1 after establishing a suitable weak comparison 
principle (WCP) in (15.11 and the behaviour of positive solutions near an isolated singularity in (15.21 

We emphasize here, that generally speaking, we omit straightforward proofs that follow exactly the same steps 
as in the aforementioned papers, provided the needed tools have been obtained. 
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2 Preliminaries 


In this section we fix our setting and notation, introduce some definitions, and review basic local regularity results 
of solutions of the equation (ll.41 l. 

Throughout the paper we assume that 

• 1 < p < c». 

• is a domain (an open and connected set) in R", where n > 2. 

• A = (uij) € is a symmetric and locally uniformly positive definite matrix. 

The assumptions on A imply in particular that 

aij(x) = aji(x) for a.e. x Gft, andi,j = l,...,n, (S) 

Vw g 12, > 0 such that < |5 |a < for a.e. x € lj andV^ G R", (E) 

where we have set 


ICU := ■ C 




aij 




for a.e. x G fl and ^ = (^i,..., ^„) G R". 


Moreover, we adopt the following notation; 

q' is the conjugate index of g G (1, oo), i.e. q' = q/{q — 1). 
w (£ 12 means tu is a subdomain of 12 with compact closure in 12. 

Br{y) := {x G R" : |x — j/| < r}, where r > 0, p G R". 

C^{E) is the Lebesgue measure of a measurable set E C R". 

{f)uj is the mean value of a function / in oj. 
supp{/} is the support of /. 

/■'■ := max{/, 0}, f~ := — min{/, 0} are the positive and negative parts of /, respectively. 

7 and 7' will always stand for numbers in (0,1). 

In is the identity matrix of size n x n. 

C{a, &,...) is a positive constant depending only on a, 6..., and may be different from line to line. 


2.1 Local Morrey spaces 

In the present subsection we introduce a certain class of Morrey spaces that depend on the index p, where 1 < p < 
00 . It is the class of spaces where the potential V of the operator ^ y belongs to. 

Definition 2.1. Let q G [1, 00 ] and lu (e R". For a measurable, real valued function / defined in oj, we set 

II/IIm-jM := sup \f\dx. 

y&u, JunBAv) 

r‘<diam(a;) 

We write then / G Mjq^( 12) if for any w g 12 we have H/HmiCccj) < oo- 

Remark 2.2. Note that M/^^(12) = Ll^{n) and Mj^^(12) = Tj^^(12), but T?„^(12) C M«^(12) C Lj„„(12) for any 
q G ( 1 , 00 ). 

For the regularity theory of equations with coefficients in Morrey spaces we refer to the monographs 12^[^ . and 
also to the papers Il42l and jO] for further regularity issues. For generalizations of the Morrey spaces and other 
applications to analysis and systems of equations we refer to 1321, H] and El. 

Next we define a special local Morrey space 12) which depends on the values of the exponent p. 
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Definition 2.3. For p ^ n, we define 




Moc(^) with q > njp ifp < n, 
Ljoc(^) ifp>n, 


while forp = n, f € fi) means that for some q > n and any a; (s ff we have 


\Mi{n-,uj)-= sup Pqir) |/|da;<oo, 

J cunBriy) 

0<r<diam{cL)) 


where ipq(r) := log(diam(a;)/r)'t/"' and 0 < r < diam(a;). 

In what follows we will frequently use the following key fact (sometimes called an uncertainty-type inequality) 
originally due toMorrey and further generalized by Adams (see lIMl Lemmas 5.2.1 & 5.4.2] forp = 2, ll48l Lemma 
5.1] for 1 < p < n, and HD, |l28l Corollary 1.95]). 

Theorem 2.4 (Morrey-Adams theorem). Let w g R", and suppose that V € M‘>{p; oj). 

(i) There exists a constant C(n,p, q) > 0 such that for any (5 > 0 and all u G Wq'^{uj) 


\V\\u\Pdx < d||Vu||P 


LP(u 




C(n,p, q) ||^.||pq/(p 9 -n 


( 2 . 1 ) 


(ii) For any ui' UJ with Lipschitz boundary there exist positive constant C{n,p^ q, w', uj) and dp such that for 
any 0 < S < Sq and all u G W^'P{uj') 


\V\\u\P dx < +Cin,p,q, 6, \\V\\mp{p-,uj))\\u 


IP 

ILP{ui') 


Proof {i) The case where p < n is contained in Il28l . In particular, for p < n this follows from Il28] Corollary 
1.95] (see also inequality (3.11) therein), while for p = n one repeats that proof using ll28] Theorem 1.94] instead 
of Theorem 1.93]. Thus, we only need to argue forp > n. In this case our assumption reads V G L^{uj). 
Recall also that by the Sobolev embedding theorem we have Wq’P{uj) C C{oj). It follows that 


J u) 

<C(n,p)||C|Ui(^)||Vu||2.(^;M„)||u|li;(”), 

where we have used the Gagliardo-Nirenberg inequality (see for example Ifm Theorem 1.1 in §IX]). The result 
follows by applying Young’s inequality; 

ah < haFl-^ + 

p \pdJ 


with a = ||Vu||2p(^), b = C'(n,p)||l/||ii(^)||u||^^”^). 

(ii) Let uj' <£ UJ with dui' being Lipschitz. We may then consider the extension operator (see for example lfT3] 
§4.4]) 

E : W^’P{uj') -G Wo^P{uj) 

such that for any u G W^’P{uj') to have 

{ Eu = u inw', 

\\Eu\\lp{uj) < C{n,p,uj',uj)\\u\\LP(u,'), (2.2) 

||V(L;u)||iP(^.Rn) < C(n,p,w',a;)||u||vyi.p(^/.Rn). 
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Thus, if ^ > 0 and u G W^'P{u!'), it follows from (12,11 1 that 


\V\\Eu\^dx < 


Applying (I2.21 l to the latter inequality yields (ii). 


2.2 Regularity assumptions on A and V 

We are now ready to introduce our regularity hypotheses on the coefficients of the operator ^ y. Throughout 
the paper we assume that 

the matrix A satisfies (S), (E), and the potential E G (HO) 

In the sequel, in the case 1 < p < 2, we sometimes make the following stronger hypothesis: 

A G satisfies (S), (E), and V G where g > n. (HI) 


2.3 The (p, A)-Laplacian with a potential term in M,'oo(p; n) 

For a vector field T G M") we define 

div^r := div(Ar), 

where div(Ar) is meant in the distributional sense. 

In this paper we are interested in the (p, A)-Laplacian equation plus a potential term, that is 

Q'a,p,v[^] ■= -div^(|Vu|^“^Vu) + V\v\^~‘^v = 0 in H. (2.3) 

This is the Euler-Lagrange equation associated with the functional 


Qa,p,vM ■= J {\^<A + dx UG C^in). 


(2.4) 


(2.5) 


Definition 2.5. Assume that A and V satisfy (HO). A function v G (H) is a solution of (12.31 1 in fl if 

f ■ Vwdx + f E|u|^“^uuda; = 0 for all u S C^(H), 

Jq Jq. 

and a (sub)supersolution of (12.31) in H if 

[ |Vu|^~^AVu • Vuda; + f V\v\^~^vudx {<) > 0 for all nonnegative w S (7^(12). (2.6) 

JQ Jq 

A strict supersolution of (12.3b in H is a supersolution which is not a solution. 

Remark 2.6. The above definition makes sense because of condition (E), the Morrey-Adams theorem (Theo¬ 
rem m, and Holder’s inequality. In light of our assumptions on A and V, and by a density argument, one can 
replace (7^(12) in Definition |23]by the space of all LP(f2) functions having compact support in 12 and 

first-order weak partial derivatives in LP(12). 

The following theorem follows from ll^ Theorem 3.14] for the case p < n, and from BTl Theorem 7.4.1] for the 
case p > n. 
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Theorem 2.7 (Harnack inequality). Under hypothesis (HO), any nonnegative solution v of (I2.3p in H satisfies the 
local Harnack inequality. Namely, for any w' g a; <s H there holds 


supii < C inf V, 

. ./ ht' 


(2.7) 


where C is a positive constant depending only on n,p,q,A]si{uj', uj),9uj, and || (and not on v). 

Remark 2.8 (Local Holder continuity). A standard consequence of Theorem l2.7l is the following regularity asser¬ 
tion found in ll^ Theorem 4.11] forp < n, and in ED Theorem 7.4.1 ] forp > n: 

Under hypothesis (HO), any solution v of (12.3p in H is locally Holder continuous of order 7 (depending on 
n,p, q, and 9^), and for any w' (s a; d H, we have 

< Csup |n|, ( 2 . 8 ) 

LO 

where C is a positive constant depending only on n,p, g, dist(a;', w), 9^, and ||f^||M'!(i.c;). Here is the 

Holder seminorm of v in uj'. 

Remark 2.9 (Local Lipschitz continuity). Later on, when proving Lemma l4.12l for p < 2, we will need conditions 
under which the local Lipschitz continuity of solutions is guaranteed. In other words, in the case p < 2 we will 
need conditions that ensure the local boundedness of the modulus of the gradient of a solution of (12.31) . This and 
more are provided by ll^ Theorem 5.3]; 

Under hypothesis (HI), any solution v of (|2.3I) in fl is of class (H) for some 7 ' € (0,1) depending only 
on n,p,^, q and 9^,. 

In particular, we will use the fact that whenever w'd w d H, then 

sup |Vu| < Csup |t;|, 

Uj' OJ 

for some positive constant C, depending only on n,p,j, q, dist(a;', w), 0^, || and ||l^||M 9 (a;). 

Remark 2.10 (Weak Harnack inequality). For p > n, Theorem l2 .7 I holds true verbatim if v is merely a nonnegative 
supersolution of (12.31 ) in (see BTl Theorem 7.4.1]). Forp < n we only have li^ Theorem 3.13]; 

Let p < n and set s = n{p — l)/(n — p). Under hypothesis (HO), any nonnegative supersolution v of (|2.3I1 in 
LI satisfies the weak Harnack inequality, namely, for any uj' <£ uj Ll and 0 < t < s there holds 



where C is a positive constant depending only on n,p, t, dist(a;', w), and ||l^||M«(tj). 

We conclude the section with the following important result that will be used several times throughout the 
paper. 

Proposition 2.11. [Harnack convergence principle] Consider a matrix A d which satisfies con¬ 

ditions (A) and (E). Let {wijigN be a sequence of Lipschitz domains such that oji d H, Wi d for i G N, and 
= Ll, and fix a reference point xq G Wi. Assume also that {VijigN C M‘^{p] uji) converges in M^^^(^p; H) 
fo 12 G LI). For each f G N, let Vi be a positive solution of the equation Q'j^. ^ yju] = 0 in uii such that 

Vi(xo) = 1 . 

Then there exists then 0 < < 1, so that up to a subsequence, {ui} converges in (H) to a positive solution 

V of the equation p vb] ~ ^ in LI. 
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Proof. The convergence in Cj°’^ (O) follows by Arzela-Ascoli theorem from the local Harnack inequality (I2.71 i. 
and the local Holder estimate (I2.81 l. 

Now pick an arbitrary w (s H. We will show that a subsequence of {uijigN converges weakly in to 

a positive solution of Q'j^ pvbA — 0 in H. Recall first that the definition of Vi being a positive weak solutions to 
Q'A,p,Vi b] = 0 in Wi reads as 


[ \Vv^f^^A\/vi • Vudx + [ V^vf~\dx = 0 Vw e Wo’^icoi). 


( 2 . 10 ) 


J UJi U}i 

By Remark IZ 8 l Vi are also continuous for all i G N. Fix k € N. For u € C^{ujk) we may thus pick Vi\uf € 
Wl’'P(u}k)] i > fc as a test function in ( 12.101 1 to get 


\\\'^v^\Au\\\^^^^^<p [ \\/viW^\u\P ^v^\Vu\Adx+ j \V^\vP\u\Pdx. 

JuJk 

On the first term of the right hand side we apply Young’s inequality: pab < sa^ + \{p—l) / e\P~^bP ] e G (0,1), with 
a=|Vt;.|r^|uri and b = UilVul^. On the second term we apply the Morrey-Adams theorem ('Theorem l2.41 l. 
We arrive at 

(1< ((p-l)/£)^”^lki|Vu|A||ip(^^) 

+5||V(u.u)||^,(^^^„„)+C(n,p,g,5, ll^ll 

M'3{p;ujk+l)) • 


By (E) and the simple fact that 

IIV(t;iu)||^p(^^;]jp) < 2P + ||MVui||^p^^^.g„^), 

we end up with the following Caccioppoli estimate valid for all i > fc and any u G (ujk) 

(ii-e)ep^-2P-^sefp)\\\VvMU^k) 

< ((p-l)/e)^-'0Jf + 2^-i^)||u.|Vw|||P,(^^)+C(n,p,g,J,||E||M,(p;..+o)ll^*«llLp(c..)- ^^.ll) 

Without loss of generality we assume that uj contains xq. Picking w' (g O such that w C ui', we find k > 1 such 
that ui' C Wfc. Next we chose 5 < (1 — s)2^~p0^p^ and specialize u G (wfc) such that 

supp{u} C w', 0<u<lina;', rt = 1 in w and |Vm| < l/dist(w',a;) in w. (2.12) 

Applying this to the Caccioppoli inequality (12.111 1. and using the fact that {vijigN is bounded in the L°°(w)-norm 
uniformly in i (due to the local Harnack’s inequality (12.71 0. we conclude 

ll^^i|ll,P(<..;R») + W^iWlpiu:) ^ C (n, p, g, £, (5, dist (w', w) , , || V||M‘!(p;a;,+i)) for alH > fc. 

So {uijigN is bounded in the W^’P(uj). By weak compactness of W^’P(pj), there exists a subsequence, still denoted 
by {wijigN, that converges weakly in W^'P{u!) to a nonnegative function v with v{xo) = 1. 

Next we show that u is a solution of ( 5(4 ^ y [^] = 0 in w <s ui such that xq G w. First note that for a 
subsequence (that once more we do not rename) we have Vi ^ v a.e. in ui and in U'{lo). For the potential term of 
the equation we note first that (up to a subsequence) Vi ^ V a.e. in uj. Thus, VivP~^ -A VvP~^ a.e. in w, while 
iV.uf-'l < c|V| a.e. in uj, where c is independent of i. Since |V| G Vl) C we may apply the 

dominated convergence theorem to get 

I Vivf~^udx ^ I VvP~^udx for all u G (7“(a;). (2.13) 
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It remains to prove that 

^^:=\Vv,\^A^AWv, - |Vt;|7^AVt; =: e inLP'(w;R"). (2.14) 

i—^oo 

To this end, letting u be as in (12.121) but with w, w' replaced by d), w respectively, we take u{vi —1>) as a test function 
in (12.101) . to obtain 


/ u^i-\7{vi — v)dx = — {vi — v)^i\7udx — / Vivf ^u{vi—v)dx. (2.15) 

J to J u) J oj 


We claim that 


/ u^i ■ V(t;i — v) dx —)■ 0. 

Jui 


(2.16) 


Indeed, by an argument similar to the one leading to (12.13b . the second integral on the right of (12.15b converges 
to 0 as i —>• oo. For the first one, apply Holder’s inequality to get 



{vi — 


< C'(p,6»<^,dist(w,w))||u, - 


which also converges to 0 as i —>■ oo since ||Vui||LP((^;Rn) are uniformly bounded and Vi ^ v in L'p{uj). 

Notice that as in the case where A = we have for any X, y e M"; n > 1, 

im-^AX - \Y\P^-^AY) ■{X-Y) = m ^ + 71^ - ^ 

>m-m-^\Yu + \Yf^-\Yf^-^\xu 
= {\xf-^-n-^){\xu-\YU) 

>0 (2.17) 


The above considerations imply that 

0 < I, := [ 

J Cj 

where we have used (12.16b and the weak convergence in (a;;®.") of Xvi to Vv. Thus Vmvi^ooYi = 0 and 
invoking a celebrated Lemma of Maz’ya ll^ (see also Lemma 3.73 of llT9l L (12.14b follows. 

Hence, using Harnack’s inequality, we have that u is a positive weak solution of Q'^ p v[^] ~ 0 in w with 
v(xo) = 1. We now use a standard Harnack chain argument and a diagonalization procedure to obtain a new 
subsequence (once again not renamed) such that Ui ^ u in (H) (and locally uniformly in fl), where 

u is a positive weak solution of Q'^ ^ y [u] = 0 in H. ■ 


(Cj - ■?) ■ V(t;i - n) dx < / - 0 • V(ui - v) dx —)> 0, 

Juj 


3 Principal eigenvalue and the maximum principle 


Throughout the present section we fix a bounded domain oj in M", and suppose that A is a uniformly elliptic, 
bounded matrix in oj, and V € M^{p-,oj). We consider in oj the operator Q'^y ^ y defined in (12.3b . and for u G 
C^(oj) we denote 


Qa,p,v[u]oj] := J dx. 


Definition 3.1. We say that A € K is an eigenvalue with an eigenfunction v of the Dirichlet eigenvalue problem 


I Q'A,p,viM = inw, 

\ w = 0 on doj, 
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if z; e Wq’^{uj) \ {0} satisfies 


f |Vt;|^ • Vuda; + f V\v\^ ^vudx = \ f |t;|^ ^vudx for all zt S (3.2) 

J to J uj j OJ 

Definition 3.2. A principal eigenvalue is an eigenvalue of (13. Il l with a nonnegative eigenfunction. 

The existence of a principal eigenvalue for the problem (13. Il l, and its variational characterization by the Rayleigh- 
Ritz variational formula 

Q A,p,V 


Ai = \i{Qa,p,v]^) '■= 


inf 

l|w|lLP(a;) 


(3.3) 


is established in Prot)osition l3.9l below. 

Consider first the equation 

Q'a., pvW\— 9 ill where g G oj) is nonnegative. 

By a (sub, super)solution of (13.411 we mean a function v G (uj) such that 

/ iVvI^^AVv-Vudx + / Vlvl^~^vudx(<, >)= gudx for all (nonnegative) zt G (w). 

J to J OJ J OJ 


(3.4) 


One of our targets in the following subsection is to characterize in terms of the strict positivity of the principal 
eigenvalue of problem (13.1b . the following properties 

a) the solvability in Wq’^(uj) of (13.4b . 

b) the (generalized) weak maximum principle for (13.4b . 

c) the strong maximum principle for (13.4b . 

Recall at this point that the (generalized) weak maximum principle for the operator ^ y asserts that a solution 
of the equation (13.4b which is nonnegative on duj is nonnegative in uj, while the strong maximum principle asserts 
that in addition to the weak maximum principle, a solution of (13.4b which is nonnegative on duj, is either identically 
zero or strictly positive in uj. 


3.1 Preparatory material 

We start with the following technical lemma that generalizes computations found in ll8l flOl IZTll . where the case 
Vi = V2 = 0 and A = /„ is considered. This useful lemma replaces Picone’s identity which is a key tool in 
El [3a. We note that in the present paper the lemma is used only for the case Vi = V 2 , but this assumption does 
not affect at all the volume of computations of the general case. 

Lemma 3.3. Let gi, Vi G M'^(p; uj), where z = 1, 2. There exists a positive constant Cp, depending only on p such 
that the following assertions holds true: 

(i) Suppose that zci, W 2 G Wq'^(uj) \ {0} are nonnegative solutions of 

Q'a,p,Vi['u^'^‘^] = 91, and ^Jzu; w] = 52, ( 3 . 5 ) 


respectively, and let Wi^h '■= wi + h, where h is a positive constant, and z = 1,2. Then 


h. := 


f (91 

- Viwr^ 

g2 - V2W^ ^ N 



p—1 ) 

<,h ^ 


) (</* - wl,h) 


+ wlA 


V log 


Wlh 


^ Cp 




Vlog 


W2,h 


Wlh 


dx 


ifP > 2, 


(3.6) 


W2,h 


(|Vlogz(;i,/i|A + |Vlogzi;2,ftU)^ ^dx ifp<2. 
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(ii) In the particular case of nonnegative eigenfunctions, i.e., 

wi:=wx, W2:=Wf_t, gi := X\wx\p~^wx, g2 = 
with A, /i S M, we have 

J (jj 




{wl + <) 


« + O 


V log 


V log 


wx 

Wfj. 

Wx 

Wu. 


da; 


ifP > 2, 


(iVlogWAU + iVlogw^U)^ ifp<2. 


(Hi) Suppose further that oj is Lipschitz, and let wi, W 2 & be positive solutions of am respectively, 

such that Wl = W 2 > 0 on du, in the trace sense. Then 


-- iVi - y-S) {wl - wl) dx 




^ Cp 




{wl + wD 


{wl + wD 


V log 

V log 


Wl 

W2 

Wl 

W2 


dx 


ifP > 2, 


(iVlogwiU + |VlogW2U)^ ^dx ifp<2. 


Proof Set ipi^h ■= [wl ^ — wl jfjw\ It is easily seen that ipi^h G W^o^’^(a;), and using it as a test function in the 
dehnition of wi being a solution of the first equation of (I3.5l l. we get 

[ {wlh- wl f^)\V{\ogwi^h)\Adx - p [ wl f^\V {log w I ^h)fA^ Av (log w I ^h) • v(log^^) dx 
Juj ' ’ Juj ’ ^ Wi^h-' 

gi-Viwl~^ ^ p p 


p — 1 


-{wl h - wl J dx. 


In the same fashion we set ip2,h ■= (wl h ~ wl h)'^2 h ^ function in the definition of W2 being a 

solution of the second equation of (13.51 1. to obtain 

/- wf,ft)|V(logu> 2 ,/i)l 5 idx-p f wlh\y{logW2,h)fA~‘^AS/{logw2,h) ■'^(^log^^'j dx 


f g 2 - V 2 wl ^ p 

J OJ 


p—1 

^2,h 


W2.h - 


Adding these we arrive at 

/ wl h\\'y {^ogwi^h)\A - |V(logu;2,?>)|^ -p|V(log'u;2,/«)lA~^^V(logu;2,;i) • v(log^^^) 

Juj ' ^ ^ W 2 ,hl 

Ih |V(logW 2 ,/i)|^ - |V(logwi,^)|^ -p|V(logu>i,?i)|^"^AV(logwi,^) • v(log^|^)^ 


dx 


+ / w: 


dx 


= Ih- 


(3.7) 


Now we use the following inequality found in lIZTl Lemma 4.2] for A being the identity matrix In, cf. HOl (2.19)] 
(the proof is essentially the same and we omit it): for all vectors a, /3 G K" and a.e. x G oj, we have 


a?A - Wa-p\P(’a^A{x)P •(«-/?)> C{p)< 


a - , 


ifp > 2, 


|a - ^Ia(I«U + I/3U)*’ ^ ifp<2. 


(3.8) 
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Applying this to both terms of the left hand side of (I3.71 i. we obtain the inequality of part (i). 

To prove part (ii), take gi = Ajuii 52 = fJ.\w 2 \^~^W 2 for some X, g, € M., and rename wi, W 2 to 

w\, Wfi respectively. The integrand of Ih in this case satisfies for all 0 < < 1 


yw\hJ \w„ hy 


p-i 


'Wx^h 




K.. - 


— (|A — yi \ + \^J^ — A2|)[('tt'A + 1)^ + {w^ + 1)P] € L^(a;), 


by Theorem l2.41 (i'). As ft. —5> 0, we have 




1 p-ll 


-Wx,h' 




a.e. in ui. By applying the dominated convergence theorem and the Fatou lemma on the inequality of part (i), we 
get the desired estimate. Part {in) follows from part (i) by setting h — 0. ■ 

We modify to our case a well known lemma on the negative part of a supersolution (see for example, ||21 Lemma 
2.7], or BOl Lemma 2.4]). 

Lemma 3.4. Let V € Lt). Ifv € A a supersolution ofQ'j^ p vM “ ^ (SI) 

subsolution of the same equation. 


Proof. Though this argument is quite standard, we add it for completeness, and since it requires the use of the 
Morrey-Adams theorem in the final limit argument. Following the steps of the proof in 111, we define 


Pe ■■ = 


Ve -V 


2v^ 


-ip 


and 


Ve := (v^ + e ) 


2x1/2 


with ip being an arbitrary nonnegative function in C“ (fl). It is straightforward to see that 

Vve • yip < Vt; • V (—05) a.e. in fl, 

\Ve / 

and then 


-V(i;£ - v) ■ Vp < -Vve ■ ype 


a.e. in LI. 


(3.9) 


Thus, taking pe £ as a test function in the definition of w € being a supersolution of 

p y[tt] = 0 in n, and then applying (13.9b . we conclude that we only need to show that we can take the limit 
e ^ 0, in the following expression 


[ |Vt;|5^ — u) ■ V(/5da; — f V|t;|^ ^vpedx<G- 

Jq, Jq 


(3.10) 


Note that since V (ve — v)/2 ^ Vw , and vpe —>■ —v p as e ^ 0, this would readily give 


f |Vw 1^ •V(/jda;+ j V\v i^da;<0, for all nonnegative yi G C^(n). 

Jq Jq 

However, the justification of taking the limit inside both integrals in (13.10b is verified by the dominated convergence 
theorem. For the first one we use Holder’s inequality, while for the second we apply first Holder’s inequality and 
then the Morrey-Adams theorem. ■ 

Definition 3.5. Let (AT, || ■ ||x) be a Banach space. A functional J : AT —R (J {00} is said to be coercive 
if J[u] —>■ 00 as ||ti||x -y 00 . The functional J is said to be (sequentially) weakly lower semicontinuous if 
J[u] < liminfj[ufc] whenever ^ u. 

k—¥oo 
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We have 


Proposition 3.6. (a) Let oj (g R", V G uj) and Q & (uj). Define the functional J : Wq'^{uj) RU{oo} 

by 

J[u] := QA,py[u]0j\— / Gudx. (3.11) 

J OJ 

Then J is weakly lower semicontinuous in Wq'^(uj). 

(b) Let u! ^ uj' ^ R" with lo being Lipschitz, and let G, V G uj'). Define the functional J : W^'’p{uj) —>■ 

R U {00} by 

J[u\ := Qa,p,v[u;uj] - / ^|u|da;. (3.12) 

J ijj 

Then J is weakly lower semicontinuous in W^'’p{uj). 

Proof We first prove statement (6). Let u, {ufcjfegN C W^'P^uj) be such that Uk uin W^''p{uj). By the uniform 
boundedness principle, we have 

K := sup \\uk\\wJ-p(ui) < 00 , 
feeN 

and thus by the compact imbedding of W^’'p{uj) in L'p{uj), and by passing to a subsequence, we may assume that 
Mfc —> u in LP[uj) and a.e. in ui. 

Let (5 > 0. By Minkowski’s inequality and the Morrey-Adams theorem (Theorem l2.41 fif')L we have 





V^\uk 



— ■w) p, 9, IIV ||M9(p;cj'))||'Wfc 

< + ||Vu||iP(^.Rn)) +C{n,p,q,6, ||V=^||M‘i(p;c^'))l|Mfc - m||lp(<^). 


(3.13) 


This shows that 


limsup / V^|ufc|^dx< f V"'^|u|^dx. 

k —^00 J tJ J UJ 

On the other hand, by Patou’s Lemma, we have 

[ V^|u|^ dx < liminf f V^|ufe|^dx. 

Ju; Ju) 


The last two inequalities imply 


lim / V\uky'dx = [ V|u|^da;, 
Jui Ju) 


i/p 


The weak lower semicontinuity of the gradient term follows from the convexity of the Lagrangian C, 1-^ ICI^(a;)- 
We deduce then 

QA,py[u] < liminf QA.p.vlwfe]- (3.14) 

k—foo 

For the last term of J, we work similarly 

f G^\uk\dx- f G^\u\dx < ||0'^|lii^^^)( f G^\uk -ul^’dx^ 

J UJ J UJ ^ J UJ ' 

<5VP||^±||i/y \\GHMHp-u'))\\uk-u\\L,^^~^, 

and thus 

limsup / t?^|ufe|dx< / G^\u\dx. 

k —^00 J UJ J UJ 
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On the other hand. 


The last two inequalities imply 


I dx < lim inf 

k—^oo 


Q^\uk\Ax. 


lim 

k—¥oo 


Q\uk\dx = / g\u\ dx, 


and thus J is weakly lower semicontinuous in 

For the proof of the weak lower semicontinuity of J in Wq’^{uj), one follows the same steps, but uses The¬ 
orem |231-(0 in (13,131) . in order to obtain (13.141) . Note that since we require in this case that Q € (w), the 

functional / (u) := Qu da; is weakly continuous since it is a bounded linear functional. ■ 


Proposition 3.7. (a) Let uj <s to' <£ K", where uj is Lipschitz, and G, V (£ If V is nonnegative, then 

for any f G we have that J is coercive in 


A := {u G s.t. u = f on 9a;}. 

(b) Let UJ g R", V G uj) and G G L^ (a;). Assume that for some e > 0 we have 

Qa,p,v[u;uj] > forallu gWq'^{uj). (3.15) 


Then J is coercive in Wq’^{uj). 

Proof (a) Fix f S R, and suppose that u G Ais such that J[u] < t. It is enough to prove that 


I|w||lp(w) + IIVu||iP(^.Rn) < C, (3.16) 

with C independent of u. To this end, from J[u] <t and since V > 0 a.e. in uj, we readily deduce 


< 11^11^4 (/1^11^ 

^ J UJ 

<t + C'||M||H^i,P(aj)- 


(3.17) 


for some positive constant C that depends only on n,p,q,uj, ||(/||M9(p;tj') and ||(/||li((.j); where we have used 
Theorem l2. 41 1^1 in the last inequality. Thus, applying also assumption (E), we obtain 


II^“IIlp(<..;R") < Cl + C2 ||u||h.i,p(^), (3.18) 

where ci , C2 are positive constants independent of u. Next observe that u — f G Wq'^{uj), so that 

ll“llLP(i.d) < \\u — f\\LP{ui) + \\f\\LP{uj) 

< C'p||V(u — /)||Lp(cj;Rn) + ||/||LP(t.cj)j 

for a positive constant Cp depending only on n and uj, because of the Poincare inequality in Wq’^{uj). Using (E) 
we have successively 

ll'ullLP(tij) ^ C'p(|| Vu||pp(t^;Rn) + II V/||i;,p(^;Rn)) + ||/||lp((.j) 

< ^((^|V<da;)'^%||V/|Up(^;Rn)) +||/|Up(^) 

< C'll“llw'i’P(‘^)) + II^/IUp(w;R")) + ll/l|LP(tj)j 
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with C as in (13.171) . This implies the estimate 


||u|lip(^) < C3 + C4||u||lvi,P(<.,), 

where C 3 , C 4 are positive constants independent of u. Now (13.181) and ( 13.191 ) give 


(3.19) 


^ C5 + C6||u||i4/i,p((^), 

for some positive constants 05,05 that are independent of u. This implies in turn ||M||rvi'P((.j) ^ max{l, (05 + 
C 6 )i/(P“i)}, and (13.161) is proved. 

(b) Let us prove the coercivity of J in Wq'^{u!). Assume that J[u\ < t in (13.151) . then by applying Holder’s 
inequality, we obtain 


< t 


Qu da; 

JJ 

^ ^ + l|(^llLP'(t.cj)lkllLP(w)- 


This implies the estimate 


^\\Lv(u,) <m-.= max'! 1 , 






(3.20) 


From J[u] < t, applying once more Holder’s inequality and also the Morrey-Adams theorem (Theorem l2.4K Hl 
we get 

f \Vu\^dx<t + [ Qudx+ f |V||u|^dx 
J UJ J UJ J LJ 

<t + ||(/|lLp'(<.,;)ll^lli*’(‘-’) + '^ll^^lll,P(c,;;BP) + ^^II^IIlp(i.,;) ’ (3-21) 

where C = II Thus, from (13.201 ). (13.211 ) and assumption (E) we have for S < 9^, 

(OL - ^)l|Vu||i,(^^R„) < t + ||(/|L.-(^)m + C'mP, 

which, together with (13.20b . implies ||u||h/i,p(lj) < C. M 

Remark 3.8. Propositions 13.61 and 13.71 will be used to prove the existence of a minimizer for the Rayleigh-Ritz 
variational problem (13.3b . and to establish the weak comparison principle using the sub/supersolution method (see 

§5.1). 


3.2 Existence, properties and characterization of the positivity of Ai 

The following theorem generalizes several results in the literature concerning the principal eigenvalue Ai (see for 
example Q Theorem 2.1], || 8 ] Proposition 2], iflTl Lemma 3], ll^ Lemma 6.4]). Note that our results applies to a 
general bounded domain, and in particular, the boundary point lemmas are not used in the proof (cf. HU Lemma 
3] and ll3^ 1. In addition, we do not need any further regularity assumption on the entries of the matrix A as in the 
aforementioned references, while the potential V is far from being bounded. 

Theorem 3.9. Let UJ be a bounded domain in R", and assume that A is a uniformly elliptic, bounded matrix in ui, 
and V £ uj). Then the operator Q'^ in uj admits a principal eigenvalue Ai given by the Rayleigh-Ritz 

variational formula el. Moreover, Ai is the only principal eigenvalue, it is simple and an isolated eigenvalue in 

R. 
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Proof. We define Ai by (13. and prove that it is a principal eigenvalue. Using the Morrey-Adams theorem (Theo- 
rem l2.4b with 6 = 9^ one sees that 

Ai > > -oo. 

In particular, setting V := U — Ai + e, with e > 0, we get that 

Qa,p,v[u]u}] > e||M|lip(^) for all M e W'o’^(w). 

ApplyingPropositions B.bK a) and l3.71 (5) with f/ = 0, we get that QA,p,v-\i+e[‘]^\ is coercive and weakly lower 
semicontinuous in Wq'^{uj), and consequently, also in Wq’^{uj) fl {||m||lp((.j) = 1}. Hence, the infimum 

_ . r QA,p,V—Xi+e['^] 

" “ .e<-(^)\{0} ’ 

is attained in Wq’^{uj) \ {0} (see e.g., Il46l Theorem 1.2]), and thus Ai is attained in Wq'^{uj) \ {0}. 

Let vi be a minimizer of (13.31 1. It is quite standard to see that vi is a solution of (13.1b with A = Ai. Since 
|ui| € Wq’^{uj) \ {0}, it follows that |V(|ui|)|^ = |Vui| A a.e. in w. This implies that |z;i| is also a minimizer of 
(13.3b and thus a nonnegative solution of (13.1b with A = Ai. By the Harnack inequality, and the Holder continuity 
of |ui |, we obtain that |ui | is strictly positive in to. In light of the homogeneity of the eigenvalue problem (13.1b . we 
may assume that vi is strictly positive in uj. 

To prove the simplicity of Ai, we assume that V 2 € Wq'^(uj) is another eigenfunction of (13.1b with A = Ai. Hence, 
V 2 is a minimizer of (13.3b . and thus has a definite sign. Without loss of generality, we may assume that U2 > 0 in 
UJ. Applying Lemma l3.31 (iil with Vi = V 2 = V, X = = Xi and wx = vi, Wf^ = V 2 we obtain 

f LK+ IVlog ifp> 2, 

0 > Cp< 

I LK+ ^'D|Vlog^|^(|VloguiU + iVloguaU)^” dx, ifp< 2 , 


from which because of (E) we deduce |u2Vui — U1VU2I = 0 a.e. in uj, which in turn implies the existence of a 
positive constant c such that V 2 = cvi a.e. in uj. 

Next we show that Ai is the only eigenvalue possessing a nonnegative eigenfunction associated to it. If A > Ai is 
an eigenvalue with eigenfunction evx > 0, where e > 0 is small. Then by Lemma |33]-(ii) with Vi = V2 = V, 
fj, = Ai, and = vi, we have 

(A — Ai) f {ev^ — Vi) da: > 0, 

J UJ 

which is a contradiction for e small enough. 

It remains thus to prove that Ai is an isolated eigenvalue in R. Suppose that there exists a sequence of eigenvalues 
{AfejfegN C M such that Xk i Ai, as fc —>■ 00. Let {vfcjfegN be a sequence of the associated normalized eigenfunc¬ 
tions. We claim that {ufcjfcgN is bounded in Wq’^{uj). Indeed, by the Morrey-Adams theorem, we obtain for some 
0 < <5 < 1 that 


f iVufcl^da; < |Afc| + f |U||ufc|Pda; 

J UJ J UJ 

(3.22) 

which implies our claim. Therefore, up to a subsequence, Vk convergence weakly in Wq'^{uj), and also in U’{uj). 

Next we claim that Ufc w in VUq’^( w). Since Ufc ^ w in Wg^’^(tLi), it is enough to show that {||Vufe||j;,p(i^;Rn)} 
is a Cauchy sequence. Let e > 0 be arbitrary. The inequality 

|aP-5P| <p|a_5|(aP-i+5P-i) a,5>0, 
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together with the Holder inequality, and the Morrey-Adams theorem imply for all sufficiently large fc, Z G N 


iVufel^dx - f \Vvif^dx 
J U) 

<|Afe-A/|+ f |y|||t;fc|^ - dx 

J u) 

<£+p f \V\\vk - Vi\\\vk\’'~^ + \vi\P~'^\dx. 

J UJ 

<£ + C{p)(^J \V\\vk-vi\Pdx'^ ^ (^J \V\\vk\^dx- 


\V\\vi\Pdx 


ijp' 


(3.23) 


Applying first the Morrey-Adams theorem and then (13.221 . we see that both integrals on the second factor of (13,231) 
are uniformly bounded in k, I respectively. For the first factor we use again the Morrey-Adams theorem to arrive at 


f iVufcl^dx- f |Vt;;|^dx 

J UJ J UJ 

<e + C,(£ [ \V{vk-vi)\Pdx + C2£^/^^-P‘>^ j \vk - vi\P dxY^'', (3.24) 

^ J UJ J UJ ^ 

where Ci, C 2 are positive constants independent of k, 1. The convergence in U’{uj) of Vk to v implies that there 
exists G N such that 

f \vk-vifdx forallfc,Z >TOe. 

J UJ 

Coupling this with (13.241 ) implies that {|| Vt;fc||iP(tj.Rn)} is a Cauchy sequence. 

By a similar argument, one shows that 


Qa,p,v[w] = Ai||u;||^^(^), 

hence, w is a minimize!' of the Rayleigh-Ritz variational problem (13.3b . and hence an eigenfunction of (13.1b with 
A = Ai. The simplicity of Ai implies that w = ± 1 ;, where u > 0 is the normalized principal eigenfunction with an 
eigenvalue Ai. Without loss of generality, we may assume that Ufc —>■ u in WQ^’^(a;). 

Set := {x G a; I Ufe < 0}. By Lemma [33] (with V = V — Xk) we have that is a subsolution of 
Q'a p v-Xk M = 0 in w, and thus from (13.2b 


[ |Vuj,|^dx< f |C-Afcllv^^ l^dx 

J UJ J UJ 

< ^11 ) + C(n,p, g)rlie - A, 

for any 5 > 0, where we have used Theorem l2.4l For 6 < Qp we deduce because of assumption (E) that 

Since = 0 in a; \ w^T, we use Poincare’s inequality 

/£”(a;“) \ 1/" 

lUn-) < ( 3 - 25 ) 

to get 








-R")' 
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Canceling || rearranging and raising to the n/p we arrive at 

/:"K-) > C(n,p,g)£-(Si)(0P - 5)"/P^nV[p(P9-n)]||y _ (3.26) 

Notice that ||C — Ai \\mi(p-,u)) is a strictly positive number. Indeed, assume that ||y — Ai \\mi{p-,ui) = 0- Then vi is 
a nontrivial solution of the Dirichlet problem for the (p, yl)-Laplace operator which is false under our assumptions 
on A (see for example lfT9ll4T1l I. 

On the other hand, \\V — Xk\\ mi{p;uj) ||i^ — Ai \\mi{p-,ui) as k ^ oo. Therefore, there exists C > 0 such that 
\\V-Xk\\MHp-u.)>C\\V-Xi\\M.(p-u,) Vk>ko. (3.27) 


Consequently, (I3.271 i applied to (13.261 1 implies that 

>C >0 yk>ko, 

for a positive constant C independent on k. 

With this at hand, the rest of the proof follows |[8l Theoreme 2]. We include it for completeness: Let rj > 0. 
Recalling that v is continuous in w, we may pick a compact set ujri ui and nip > 0, such that C'^{uj\ujp) < ij and 
v(x) > nip for every x G ujp. Up to subsequence that we don’t rename, Vk converges to v a.e. in w, and thus in 
ujp. By the Egoroff theorem (see lfT3l §1.2]) we have the existence of a measurable set uj' C uJp with < rj 

such that Vk converges uniformly to z; on \ oj'. Since v > nip > 0 in w,, we deduce that for any k large enough 
we have Ufe > 0 on \ w'. Thus, C w' U (w \ ojp), which implies that £" {^k) — Since 77 > 0 is arbitrary, 
for k large enough this contradicts our estimate £" {'^k) ^ ® 

We are now ready to prove the main result of this section. Extending the corresponding results in iflTlI^ . We 
have 

Theorem 3.10. Let u be a bounded domain, and assume that A is a uniformly elliptic, bounded matrix in uj, and 
V G M‘>{p;ui). Consider the following assertions: 

OL\ : Q\ p Y satisfies the weak maximum principle in ui. 

0-2 '■ Q'a p V satisfies the strong maximum principle in uj. 

0:3 : Ai > 0. 

Q!4 : The equation p y H =0 admits a positive strict supersolution in Wq'^(uj). 

0:4 : The equation Q'^ p y H =0 admits a positive strict supersolution in 

: For 0 < g G LP (uj), there exists a unique nonnegative solution in W^'^(uj) ofQ'j^ p y [f] = 9- 

Then ai O 02 0:3 ^ 0:4 => a'^ and as ^ 0:5 => a4. 

Remark 3.11. In Corollary 14.141 we prove (imposing stronger regularity assumptions on A and V when p < 2) 
that in fact, 04 ^ as. Hence, under these additional assumptions forp < 2, all the above assertions are equivalent. 

Proof ai ^ a2. Let v G W^’P(uj) be a solution of (I3.41 i and suppose u > 0 on duj. The nonnegativity of g and 
the weak maximum principle implies that u is a nonnegative supersolution of (I2.31 l in uj. Suppose that for some 
xq,xi G w we have v(xo) f 0 and v(xi) = 0 and let uj' ^ uj contain both xq and xi. Recalling Remark 12.101 
we apply the weak Harnack inequality if p < n, or the Harnack inequality if p > n, to get u = 0 in uj'. This 
contradicts the assumption that v(xq) f 0. Thus, if u 0 we necessarily have u > 0 in w. 

a2 ^ as. Suppose that Ai < 0 and let v G be the corresponding principal eigenfunction. Then u := —v 

is a supersolution of the equation (I2.31 l in uj, satisfying u = 0 on duj, and m 7^ 0. By the strong maximum principle, 
u is positive which is absurd. 
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03 ^ oi. Let V G be a solution of (I3.41 i such that u > 0 on duj. Taking v G Wq'^{uj) as a test function 

we see that 

= / gvdx, 

J UJ~ 

where uj~ := {a: S w | u < 0}. The nonnegativity of g gives p w] < 0, which implies that Ai < 0. 
Thus, we must have = 0 a.e. in w, or in other words u > 0 a.e. in oj. 


03 ^ 04 . Since Ai > 0, it follows that the principal eigenfunction is a positive strict supersolution of the equation 
(12.3b in uj. 

04 ^ 04 . This is trivial. 

ct 3 ^ 05 . Consider the functional 

J[u] := Qa,p,v[w,(^] — / gudx uGWq'^{ui). 

J UJ 

By Proposition 13. 61 (al. J is weakly lower semicontinuous in Wq'^{uj), and by Proposition l3.7l -(61. J is coercive. 
Therefore, the corresponding Dirichlet problem admits a solution vi G Wg^’^(tLi) (see for example, ll46l Theorem 
1.2]). Since 03 => 02 , this solution is either zero or strictly positive. 

If vi = 0, then p = 0, and by the uniqueness of the principal eigenvalue, equation (12.3b in u) does not admit a 
positive solution in Wq'^{uj). So, we may assume that ui > 0 and let V 2 G Wq'^{uj) be another positive solution. 
Applying Lemma UAj -lil with pi = 52 = <7 and Vi = V 2 = V, we obtain 



The integrand of the integral on the right converges to 0 a.e. in w, and also it satisfies the following estimate for 
every h < 1 


V 




^2,h 


) <2\V\[{vi + l)P + {v2 + ir]GL\uj). 


Thus 

which together with Patou’s lemma imply that the right hand side of (13.6b equals zero. Thus, V2 = a.e. in uj. 


as a 4 . Let v G ILQ’^(a;) be a positive solution of (1341 with g = 1. Then v is readily a positive strict 
supersolution of (12.3b in w. ■ 


4 Positive global solutions 

In the present section we pass from local to global properties of positive solutions of the equation (12.3b in fl. In 
114. II we establish the AP theorem, while in 114.21 we prove among other results the equivalence of the first four 
statements of the Main Theorem. 

4.1 The AP theorem 

In this subsection we prove the AP theorem for the operator Q'j^ ^ y under hypothesis (HO). We will add a couple 
of equivalent assertions to this theorem, regarding the following first-order equation 

-divAT + {p-l)\Tf^=V inH, (4.1) 

where div. 4 T = div(AT) and T G see ll20] Theorem 1.3] for a similar study when A = and 

p = 2. 
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Definition 4.1. Suppose the matrix A satisfies (S), (E) and let V € A vector field T G R") is a 

solution of (14. Il l in if 


/ AT ■ Vudx + {p — 1) / |T|^udx= / Vudx for all u G (7“(11), 

JO JO jo 

and a ( super)subsolution of (14.11 1 in n if 

f AT-Vudx + {p — 1) f Jl^udx (>) < f Vudx for all nonnegative u G C“(H). 


(4.2) 


(4.3) 


Remark 4.2. The additional assumption V G 17) allows the replacement of C“(17) in Definition 14. ll bv 

Theorem 4.3 (The AP theorem). Under hypothesis (HO), the following assertions are equivalent: 

Ai QA,p,v[u]>dfor allu G 

•A .2 '■ Q'a,p,v[ ru] = 0 admits a positive solution v G (17). 

Js • Q'a p t^[^] — 0 admits a positive supersolution v G (17). 

A 4 , : ( 14.71) admits a solution T G L((j^(17; M"). 

J 5 : ( 14.71 ) admits a subsolution T G LfQ^(17;R"). 

Proof. We prove . 4,1 ^ J 2 ^ Aj Js => Jr, where j = 3,4. 

Ai J 2 - We fix a point ccq G 17 and let {wijigN be a sequence of Lipschitz domains such that xq G oji, 
uji g Wi+i g 17,7 G N, and UigpjWi = 17. For 7 > 2, we consider the problem 


(4.4) 


f QA,p,v+i/i\A\ ~ fi inwi, 

[ u = 0 on duji, 

where fi G C^{uji \ oJi-i) \ {0} are nonnegative. Assertion Ai implies 

Ar(QA,p,v+i/i; Wi) > i for all 7 G N, 

so that by Theorem 13 .1 01 there exists a positive solution Vi G WQ’^{uii) of (14.41) . Since supp{/i} C \ 
setting w' = we have 

f JVui • Vitda: + f {V + l/i)v^~^udx = d for all m G lTQ^’^(a;'). (4.5) 

J ijJi J ijJi 

By Theorem 12.71 the solutions Vi we have obtained are continuous. We may thus normalize fi so that Vi(xo) = 1 
for all 7 G N. To arrive to the desired conclusion we apply the Harnack convergence principle (Proposition |2]TTJ 
with Vi :=V + 1/7. 

J 2 => Ja- This is immediate with v = v. 

A 2 => Ai and A 3 A 5 . Let u be a positive (super)solution of (12.31 ). By the weak Harnack inequality (Remark 
12.10b in case p < n,oi by the Harnack inequality if p > n, we have 1/v G L“^(17). Set 

T := —|Vlogu|(^~^Vlogu, 

and let u G C'/”(17). We may thus pick \u\'Pv^~p G HJ’P(17) as a test function in (12.6b to get 

(p-1) / |T|(^|zi|^da; < p / |T|a|w|^“^ |Vm|a da; + /E|u|^da;, (4.6) 

Jq Jq Jq, 
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Note that from (14.61) we obtain Ai just by using Young’s inequality pab < (p — l)a^ + with a = |r|^|u|^’ ^ 
and b = | VM|y4 in the first term of the right hand side. Towards A3, we use instead Young’s inequality 

pab < + (^- — b^, (4.7) 

with 77 e (0,p — 1) and the above a, b. We arrive at 

{p-l-p) [ \Tfj^\u\Pdx<(-—[ |Vu|^dx+ [ |l/||M|Pdx. 

Jfi ^ V JQ Jn 

This, together with (E) and Theorem l2.4l imr)lv by specializing u that T € R"). Next we show that T is a 

(sub)solution of (14.11 ). To this end, for u € or for nonnegative u € C^(fl), we pick uv^~'p € 

as a test function in (12.51 ). or (12.61 ) respectively, to obtain 


— / AT-VudiX — {p — 1) / |r|^Mda;+ / Euda:(>) = 0. 


Ai => , 4 , 5 . This is immediate with T = T. 

, 4,5 Ai- Suppose now that T G and let u G We compute 

- [ AT ■V{\u\P)dx = -p [ \u\P-^AT -Vluldx 

Jq Jq 

<p [ \u\P~^\T\A\Vu\Adx 

Jn 

<{p-l) [ |unT|^'dx+ [ |V<dx, 

Jq 7n 

where we have also used Young’s inequality pab < {p — l)aP + W, with a = |it|P“^|T|yi and b = |Vit|^. This 
readily implies 


[ \Vu\P^dx>- [ AT-y{\u\P)dx-{p-l) [ \T\P^\u\Pdx for all w G (4.8) 

</ O O 'J Cl 

If T is a subsolution of (lO . then testing (14.3b by |m|p, one readily sees from (14.8b that Qa,p,v[u] is nonnegative 
for any u G 67 “ (fl). ■ 

Remark 4.4. Inequality (14.8b with A = In has been obtained in IBl. 


4.2 Criticality theory 

In the present subsection we generalize several global positivity properties of the functional Qa,p,v, where A and 
V satisfy (at least) our regularity assumption (HO). For the convenience of the reader, we recall the following 
terminology. 

Definition 4.5. Assume that Qa,p,v is nonnegative in H (that is, QA,py\'u\ > 0 for all u G 67“(H)) with 
coefficients satisfying hypothesis (HO). Then Qa,p,v is called subcritical in H if there exists a nonnegative weight 
function W G M^^^{p; ft) \ {0} such that 

Qa,p,v[u]> I IE|u|^dx for all u G 67“(r2). (4.9) 

Jn 

If this is not the case, then Qa,p,v is called critical in H. 

The functional Qa,p,v is called supercritical in H if Qa,p,v is not nonnegative in H (that is, there exists 
u G 67“(H) such that Qa,p,v[u\ < 0). 
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Definition 4.6. A sequence {uk} C WQ^’^(ri) is called a null sequence with respect to the nonnegative functional 
Qa,p,v in n if 

a) u/c > 0 for all k gN, 

b) there exists a hxed open set K ^ such that ||Mfe||LP(K) = 1 for all k gN, 

c) lim QA,p,v[uk] = 0. 

k—¥oo 

We call a positive (j) G (fl) a ground state of Qa,p,v in if ^ is an limit of a null sequence. 

Remark 4.7. Let w C M" be a bounded domain, and suppose that A is uniformly elliptic and bounded matrix 
in uj, and V G Let vi be the principal eigenfunction with eigenvalue Ai. Set Ck '■= Ht'i||LP(i<'), 

where AT (g fl is fixed. Then the constant sequence {C'^^vi} is a null sequence and is a ground state of 

Qa,p,v-\i in w. 

The following proposition states an elementary positivity property of the functional Qa,p,v- 

Proposition 4.8. Suppose that V 2 > Vi a.e. in and £" ({V 2 > Li}) > 0. 

a) IfQA; p^Vi A nonnegative in VL, then Qa,p,V 2 subcritical in VL. 

b) If Qa,p,V 2 critical in 17, then Qa,p,Vi is supercritical in 17. 

Proof. Part b) follows from part aj by contradiction, and from the obvious relation 

Qa,p,V 2 [u\ = Qa,p,Vi[u\+ [ (y 2 -Vi)\u\Pdx forall u e 

Jn 


part a j evident. ■ 

Note here that definitions 14.51 and l4.61 and also Proposition 14.81 make perfect sense if V is merely in 
for all values of p. 

Now we connect the criticality/subcriticality of the functional Qa,p,v in 17 with the existence of positive weak 
(super)solutions problem for equation (I2.3l l in 17, through the existence of ground states. Towards this we need 
to give sufficient conditions on A and V, under which a null sequence with respect to the nonnegative functional 
Qa,p,v, will converge in to a function in Wjq^. 

We need the following definition for the case 1 < p < 2. 

Definition 4.9. Suppose that 1 < p < 2. A positive supersolution v of (I2.31 l will be called regular provided that v 
and I Vul are locally bounded a.e. in 17. 

Remark 4.10. Under hypothesis (HI) for 1 < p < 2, any positive supersolution v of (12.3b satisfying Qa,p,v[v] = 
g > 0 with g G L|’^^(17) is regular (see Remark lL9l l. 

We start with the following proposition that gives us the intuition that any null sequence converges in some 
sense to any positive (regular if p < 2) (super)solution. Note that our proof for the case p < 2 is considerably 
shorter than the corresponding proof in lf38l and ll^ . 

Proposition 4.11. Suppose that {uk} C Wg^’^(17) is a null sequence with respect to a nonnegative functional 
Qa,p,v in 17 with coefficients satisfying hypothesis (HO). 

Let V be a positive supersolution of the equation (EJ) in 17. In case 1 < p < 2 we assume further that v is 
regular. Set Wk ■= Uk/v. Then {wfc} is bounded in (17), and Vwk -A- 0 in L(’q^(17; M"). 

Proof. Let AT g 17 be the set such that the null sequence {uk} satisfies ||Mfe||Lp(K) = 1 for all k G N. Fix a 
Lipschitz domain oj such that K (s uj (b LI. 
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By Minkowski and Poincare inequalities, and the weak Harnack inequality, we have 


< C{n,p,uj,K)\\\/wk\\ LP(ti;;R") 
Since ||ufc||ip(x) = 1, applying Holder’s inequality we deduce 


1 


inifc V 




1 r/:"(a;)ii/p 

IkfclliPM < C{n,p,UJ,K)\\VWk\\L!‘{u;;R^) + ^ [ £n ( 


(4.10) 


Let 


v^\VwkWdx 


P>2, 


I{v,Wk) := C{p) 


(4.11) 


(4.12) 


J \VWk\A(\'^ivWk)\A + Wk\yv\A^ dx 1 < p < 2, 

where C{p) is the constant in (I3.8l l. We now use (I3.8l l with a = V{wkv) = Vuk, P = tUfeVu to obtain 

< /iVufcl^da:- f wl\\7v\^dx - / • V(w^) dx 

= [ |Vwfc|5^dx- [ |Vx|^“^ylVu ■ V(ry^u) dx, 

Jn Jn 

Since u is a positive supersolution, we get 

I{v,Wk) < / |Vufc|^dx+ / Vuldx = QA,p,v[uk]- 
J Q J Q 

Suppose now that p> 2. Using the definition of /, and the weak Harnack inequality, we obtain from (14.121 1 that 
c f dx < C'(p) f x^lVtUfel^ dx < (3A,p,y[wfc] —>■ 0 as/c —5> cx), (4.13) 

o iij «/ O 

where c > 0 is a positive constant. By the weak compactness of lU^’^(a;), we get for p > 2 that (up to a 
subsequence) 

VtUfc^O inLP^(H;K"). (4.14) 

By (l4~T0l l and (l4~T3T l. we have that Wk is bounded in (w) for any p >2. 

On the other hand if p < 2, then by the definition of I and (14.12b . we get 
'■ x^|Vw/c|^ 


Cip) 


^|V(t;wfe)|A + WfclVxU) 


— dx < QA,p,v[uk] — i” 0 as fc — >■ cxd. 


2-p 


For convenience we set qk = QA,p,v[uk]- By Holder’s inequality with conjugate exponents 2/p and 2/(2 — p), 
we get 


v^lVwklA da; 


v'^\VWk\A 


l-p/2 


<C{p)~^ql^^( / dx + f wl\Vv\^dx 

\ J UJ J to 

< C{p)~^q^^^( / dx + / dx + iV 

^ J tJ J to ' 


dxj i J (^\y{vwk)\A + Wk\Vv\A^ dx 


l-p/2 
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Since v is locally bounded, and locally bounded away from zero, and | Vu| is locally bounded, and A is uniformly 
elliptic and bounded in w, we get using (14.1 01 1 that for some positive constants Cj\ 1 < j < 4, that are independent 
of k, there holds 


Cl f \ywkf dx < f \ywkf dx + f w^dx + l) 

J U) ^ J UJ J to ' 

<C2qll^{cz f iVwferdcc + C 4 V 

^ J to ' 

Since — 5 > 0 as fc —> cxd, we conclude that also in the case p <2'wt have 

inLf„^(f7;K"), 

and thus by (14.1 01 1 we have that Wk is bounded in (w) for any p < 2. ■ 

Several consequences follow. In the following statement, uniqueness is meant up to a positive multiplicative 
constant. 

Theorem 4.12. Suppose that Qa,p,v nonnegative in with A and V satisfying hypothesis (HO) if p > 2, or 
(HI) ifl < p < 2. Then any null sequence with respect to Qa,p,v converges, in and a.e. in H, to a unique 
positive (regular if p < 2) supersolution 0/(0 in H. In particular, a ground state is the unique positive solution 
and the unique positive (regular if p < 2) supersolution of ( 12.31 ) in H, and so the ground state is ifp > 2, or 
ifl<p<2. 

Remark 4.13. At this point we need to add the stronger assumption (HI) on A and V in the case 1 < p < 2, 
since in this case we assume the existence of a positive regular (super)solution. In fact, the proof presented here for 
p <2 applies under the least assumptions on A and V that ensures the Lipschitz continuity of positive solutions. 
This fails if we just keep the assumption (E) on the matrix A, even for V = Q (see iSSl V To our knowledge, the 
least known assumptions on A and V ensuring the Lipschitz continuity of solutions are due to Lieberman Il2^ (see 
our Remark lT9] l. 

Proof of Theorem \4.12\ From the AP theorem we may fix a positive (regular if p < 2) supersolution v € (H) 

and a positive (regular if p < 2) solution v € (H) of (12.31 l. Setting Wk = Uk/v we have by Proposition |4]TT] 

that Vwk —0 in R"). Rellich-Kondrachov theorem implies (see the proof of ll25l Theorem 8.11]) that, 

up to a subsequence, Wk ^ c for some c > 0 in ITj^^ (fl). This implies in turn that, up to a further subsequence, 
Uk —S' cv a.e. in H, and also in Consequently, c = l/||u||ip(x) > 0. It follows that any null sequence 

{uk} converges (up to a positive multiplicative constant) to the same positive (regular if p < 2) supersolution v. 
Since the solution u is a (regular if p < 2) supersolution, we see that v = Cv for some C > 0, and therefore it is 
also the unique positive solution of (12.31 1 in H. ■ 

We can now close the chain of implications between the assertions of Theorem B. lOk see Remark B.llll . 

Corollary 4.14. Let uj (g R" and suppose that A is uniformly elliptic and bounded matrix in oj, and V € Mt(^p- cj). 
In case 1 < p < 2, we suppose in addition that A and V satisfy hypothesis (HI). 

If the equation Q'^ ^ y[u] = 0 admits a positive, regular, strict supersolution in then the principal 

eigenvalue is strictly positive. 

Hence, all assertions ofTheorem \3.10\ are equivalent (if by a supersolution we mean, in case p < 2, a regular 
one). 

Proof. 04 => a^. From the AP theorem we get Qa,p,v[u] w] > 0 for all u € C^{uj), which implies that Ai > 0. 
Suppose that Ai = 0. Then by Remark lATl and Theorem 14.121 the principal eigenfunction which is a positive 
(regular if p < 2) solution of (I2.31 l in oj is the unique (regular if p < 2) positive supersolution of that equation. 
This shows that this equation cannot have a positive strict (regular if p < 2) supersolution. ■ 
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In the next theorem we state characterizations of criticality, subcriticality and existence of a null sequence. We 
also state a useful Poincare inequality in the case where Qa,p,v is critical. It generalizes the corresponding results 
in lElHaim[361113. 

Theorem 4.15. Suppose that Qa,p,v is nonnegative on C^{n) with A and V satisfying hypothesis (HO) ifp > 2, 
or (HI) ifl < p < 2. Then 

(i) Qa,p,v is critical in Q if and only ifQA,p,v admits a null sequence. 

(ii) Qa,p,v admits a null sequence if and only if ( 12.31 ) admits a unique positive (regular ifp < 2) supersolution. 

(Hi) Qa,p,v is subcritical in Tl if and only if there exists a strictly positive weight function W € such that 

MM holds true. 


(iv) If Qa,p,v admits a ground state f, then there exists a strictly positive weight function W G C^{n) such that 
for every ip € Cf° (H) with (pipdx ^ 0, the following Poincare type inequality holds: 


Qa,p,v[u] + C 


p 


uip dx 


> — / W\uf’ dx 

Jo, 


for all u S 


and some positive constant C > 0. 

Remark 4.16. In the sequel (Lemma 14.221) we add the following accompanying to (i) statement; if Qa,p,v is 
critical in H, then there exists a null sequence that converges locally uniformly in H to the ground state. 

Proof of Theorem \4.1 5\ (i)lf Qa,p,v is critical in We claim that for any % K (s£ Q. 


ck := inf Qa,p,v[u] = 0. 
o<ueC“(n) 


(4.15) 


To see this, pick W € C^(K) \ {0} such that 0 < IL < 1. Then 

Ck [ W\u\^dx <ck< Qa,p,v[u\, for ally e C'r’(^) with ||M||LP(if) = 1, 

Jo. 

a contradiction to the criticality of Qa,p,v in case Ck > 0. Picking one such K, (14.151) implies the existence of a 
null sequence with respect to Qa,p,v- 

If Qa,p,v admits a null sequence, then by Theorem 14.121 equation (12.31) admits a unique positive solution 
V, which is also its unique (regular if p < 2) positive supersolution. Suppose now to the contrary, that Qa,p,v 
is subcritical in H with a nonzero nonnegative weight W. By the AP theorem we obtain a positive solution w 
of the equation Q'^ ^ y-rvltf] = 0 which is readily another positive supersolution of (12.31 ). This contradicts the 
uniqueness of v, and thus Qa,p,v has to be critical in H. 

(ii) The sufficiency is captured by Theorem 14.121 To prove the necessity, let v be the unique positive (su- 
per)solution of Q'^ p ^ in H. By part (i) we have that the nonexistence of null sequences with respect to Qa,p,v 
implies that Qa,p,v is subcritical in H. Now the same argument as in the proof of the necessity of the hrst statement 
of part (i) implies that v is not unique, a contradiction. 

(Hi) The necessity follows by the definition of subcriticality. On the other hand, the proof of the sufficiency 
of the first statement of part (i) implies that ck > 0 for any domain AT (s H. Using a standard partition of unity 
argument we arrive at a strictly positive W that satisfies ( 14.91 ) (see, Il3^ Lemma 3.1]). 

(iv) The proof is identical to ll^ Theorem L6-(4)] (and also [36l). ■ 


Corollary 4.17. Suppose that for i = 0,1, the functional QA,p,Vi is nonnegative in H with A, Vi satisfying 
hypothesis (HO) ifp > 2, or (HI) i/l < p < 2. For t € (0,1) set 

Vt := (1 - t)Vo + m. 

Then QA,p,Vt is nonnegative in ft for all t £ [0,1]. Moreover, //'£"({Vo 7 ^ 14}) > 0, then QA,p,Vt is subcritical 
in ft for any t £ (0,1). 
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Proof. The nonnegativity of QA,p,Vt for f ^ (Oj 1) follows from the obvious relation 


[rt] — (f f)f?A,p,Vo ~t“ fl5A,p,Vi [t^] ■ 


(4.16) 


Suppose now that {uk] C Cf^(f2) is a null sequence with respect to QA,p,Vt in ^ for some t € (0,1), such 
that Ufc —^ in It follows from (14.161) that {ufc} is also a null sequence for Qa,p,Vo Qa.p.Vi in 

n. By Theorem 14.121 0 is a solution of Q'^ ^ = 0 in fl, for both values of i, which is impossible since 

C^{{VofV^})>0. ■ 

Finally, we state generalizations of the corresponding results in 138] [36l. We skip their proofs since they are 
essentially the same. 

Proposition 4.18. Suppose [2' C n is a domain. Let A and V satisfy hypothesis (HO) in case p > 2, or (HI) if 

1 <p <2. 

o) UQa,p,v is nonnegative in H, then Qa,p,v is subcritical in Vf. 
b) If Qa,p,v is critical in LI', then Qa,p,v is supercritical in LI. 

Proposition 4.19. Suppose that Qa,p,v is subcritical in LI with A and V satisfying hypothesis (HO) if p > 2, or 
(HI) if 1 < p < 2. Let U S L°°{Ll) \ {0} such that U > 0 and supp{f/} <s LI. Then there exist t+ > 0 and 
T_ € [—oo, 0) such that Q A,p,v+tu is subcritical in LI if and only ift G (t_, r+) and Qa,p,v+t+u is critical in H. 

Proposition 4.20. Suppose that Qa,p,v is critical in H with A and V satisfying hypothesis (HO) ifp > 2, or (HI) 
if I < p < 2. Denote by f the corresponding ground state. Consider U G L°°{Ll) such that supp{t/} (g 11. Then 
there exists 0 < t+ < oo such that QA,p,v+tu is subcritical in LI for t G (0, r+) if and only if dec > 0. 

The following theorem extends the corresponding theorems in Il35ll^l40l : see some applications therein. 

Theorem 4.21. [Liouville comparison theorem] f/zaf/or i = 1,2, the functional QAi,p,Vi is nonnegative 

in LI with Ai, V) satisfying hypothesis (HO) ifp > 2, or (HI) if 1 < p < 2. Suppose in addition that: 

(i) Qa 2 ,p,V 2 odmits a ground state f in H. 

(ii) The equation ^ [rt] = 0 in LI admits a weak subsolution tp with f 0. 

(Hi) There exists M > 0 such that the matrix {^M(p{x)Y'Afyx) — (■)/>+(ec))^Ao(^r) is nonnegative-definite in R" 
for almost every x G LI. 

(iv) There exists N > 0 such that < NP~‘^\yfor almost every x in L2 n {ip > 0}. 

Then the functional Qai,p,Vi Is critical in H, and tp is the unique positive supersolution ofQ'j^.^ ^ [u] = 0 in LI. 

We close this section by showing that the ground state is a locally-uniform limit of a null sequence. This is a 
generalization of the second statement of Theorem 6.1 (2)]. We give a detailed proof, as it utilizes many of 
the results presented above. 

Lemma 4.22. Suppose Qa,p,v Is critical in LI with A and V satisfying hypothesis (HO) if p > 2, or (HI) if 
1 < p < 2. Then Qa,p,v admits a null sequence that converges locally uniformly to the ground state. 

Proof. Let {wijigN be a sequence of Lipschitz domains such that Wi g H, (s oJi+i for i G N, and = Ll. 

We fix xo G wi and a nonnegative U G Cf°{Ll) \ {0} with supp{C/} C wi. By Proposition l4.19l for every z G N 
there exists f > 0, such that the functional Qa.p.v-uu is critical in wy For z G N we denote by fy G the 

corresponding ground states, normalized by (pfix^) = 1. The sequence of L’s is strictly decreasing with i. Indeed, 
we have by Proposition 14. 18 1 that QA,p,v-tiU has to be supercritical in Wi+i. There exists thus u G Cf°{uJi+i) 
such that QA,p,v-tiu[w, w^+i] < 0. This in turn implies that 
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The criticality of QA,p,v-ti+iU in ^i+i implies by definition that Qa,p,v-u+iU is nonnegative in uji+i and thus 
ti > fi+i. Setting too '■= limi-joo ti, by Harnack’s convergence principle (Pror)osition l2.111 i. up to a subsequence, 
{</'i}ieN converges locally uniformly to a positive solution v of the equation ^ v-t^uVA = 0 in fl. The AP 
theorem (Theorem l4.31 l implies that QA,p,v-t^u is nonnegative in il. Clearly, too > 0. Let us show that in fact 
too = 0. If not then V — tocU < V a.e. in 17, and since by our assumptions Qa,p,v is critical in 17, part b) of 
Prot)osition l4.8l gives that QA,p,v-t^u is supercritical, contradicting its nonnegativity. 

Summarizing, for each i € N we have obtained a ground state (j)i € of QA,p,v-tiU in and the 

sequence {(/fijigN converges locally uniformly to a positive solution v of the equation (12.31 1 in 17. To conclude 
we will show that {(/fijigN is in fact a null sequence. Consider the principal eigenvalue Ai {QA,p,v-tiUi ; Wi); i C 
N, which is nonnegative. Suppose that for some i S N we had \i{QA,p,v-tiUi]'^i) > 0. Then the principal 
eigenfunction would be a positive, strict supersolution of the equation ^ = 0, 

which contradicts the fact that (j)i is the unique positive supersolution and also a solution of Q'j^ ^ Wj] = 0 

(see Theorem 14.12b . Thus Xi{QA,p,v-tiUi]i^i) — 0 for each * S N, and since is also the unique positive 
solution of ^ v-tiub^'’ ~ ^ (see again Theorem l4.121 i we conclude (j)i = € WQ’^{uJi). Consequently, 

lim QA,p,v[4>i] = lim L / dx = 0. 

i—>oo ’ ’ i—^oo J 

After a further normalization, we may assume that for some $ ^ K <b ft, there also holds ||(/i'i||LP(/<-) = 1 for all 

i e N. ■ 


5 Positive solutions of minimal growth at infinity 

The present section is devoted to the existence of positive solutions of the equation Q'j^ p y [u] = 0 in 17 \ {a;o} 
that have minimal growth at infinity in 17, and their role in criticality theory. For this purpose we extend in the 
following subsection the weak comparison principle (WCP) (cf. ifTTlI^ l. Subsection 15.21 is devoted to the study 
of the behaviour of positive solutions near an isolated singularity. Finally, in (15.3l we study positive solutions of 
minimal growth at infinity in 17, and prove the last two parts of the Main Theorem. 


5.1 Weak comparison principle (WCP) 


We prove first a simple version of the WCP that holds true for the p-Laplacian operator with a nonnegative potential 
(see for instance BTl Theorem 2.4.1]). 


Lemma 5.1. Let oj be a Lipschitz domain in M". Suppose that A is a uniformly elliptic and bounded matrix in 
uj, and G, V € M‘^{p',u}) with V > 0 a.e. in 17. Suppose that vi (respectively, v^} is a subsolution (respectively, 
supersolution) of the equation 

Q'a,p,vM=S inuj. (5.1) 

If vi < V 2 a.e. on duj in the trace sense, then vi < V 2 a.e. in lo. 

Proof. Our assumption that ui < U 2 a.e. on Ow, implies (u 2 —ui)“ G Wg^’^(a;). Using this as a test function in the 
definitions of vi, V 2 being respectively sub/supersolutions of (15.Il l, and subtracting the two resulting inequalities 
we obtain 


In other words 


(iVuil^'AVui 


|Vt> 2 |^ ^AVU 2 ) • V(t >2 — Ui) dx 


+ f '^Vi-\V2\^ '^V2){V2 


vi) da; < 0. 



\Vv2fA^AS7v2) ■ (Vui - Vt; 2 ) da; 


+V(|ui|^ '^Vi-\v 2 f ^U 2 )(ui - U 2 )^ da; < 0. 
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By (12.171 1 we have that each term of the sum of the integrand is nonnegative with equality if and only if Vui = Vw 2 
a.e. in the set {v 2 < fi}, or what is the same {v 2 — vi)~ = c > 0 a.e. in uj. Since {v 2 — vi)~ =0 a.e. on duj in 
the trace sense, we conclude vi < V 2 a.e. in w. ■ 


The following proposition deals with the sub/supersolution technique. 

Proposition 5.2. Let uj be a Lipschitz domain in K". Assume that A is a uniformly elliptic and bounded matrix in 
UJ, and g, V G uj), where g > 0 a.e. in uj. Let f,ip,ipG W^’P(uj) H C(uj), where / > 0 a.e. in uj, and 

{ Q'a pvH’] — 9 — Q'a p vVp\ weak sense 

fj < f < (p on duj, 

0 < ijj < (fi in ui. 

Then there exists a nonnegative solution u G W^'‘p(uj) fl Ciuj) of 


Q'A,pyWi=9 inuj, 

u = f on du!, 


(5.2) 


such that Ip < u < (fi in UJ. 

Moreover, if f > 0 a.e. in duo, then the solution u is the unique solution of (15:21 1. 

Proof. Consider the set 

/C := {u G W^''^{uj) in C{uj) I Q <ip <v <pmuj^. 

For any x G uj and v G K. we define 

G{x,v) := g{x) + 2V~{x)[v{x))^ 

Note that G G ui) and G > 0 a.e. in ui. The map T : )C y- W'"'‘^{uj) defined by T{v) = u, where u is the 

solution of 

f QapIviM = inw, 

(5.3) 

{ u = f in the trace sense on duj, 

is well defined by Propositions 13.61 and 13.71 Indeed, consider the functionals 

J, J : VF^’P(a;) ^IRU{oo} 

defined respectively in (13.12b and (13.1 lb . with V = \V\ and Q = G{x, v). Let 

{uk}keN G A:= {uG W^’P(uj) \ u = f on duj}, 


be such that 


J[uk] fm:= inf J[m]. 

uGA 


Since / > 0, we have that {|Mfc|}/cgN C „4 as well, which implies m < J[|ufc|] = J[uk] < J[uk], the latter 
inequality holds since Q >0 a.e. in uj. In particular, it follows that inf„g^ J[it] = m. Letting fc —>• oo we deduce 


J[uk] m- 

But, by Proposition ^.61 (61. J is weakly lower semicontinuous, and by Proposition l3.71 (al it is also coercive. Since 
A is weakly closed, it follows (see for example, ll46l Theorem 1.2]) that m is achieved by a nonnegative function 
u G A that satisfies J{u) = m. Moreover, J{u) = J{u) = m. So, u is a minimizer of J on A, and hence a 
solution of (15.3b . 
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Observe that the map T is monotone. Indeed, let vi, V 2 G 1C he such that vi < V 2 - Then since G{x,v) is 
increasing in v we have 

Q'a,p,\v\{T{vi);(^] = gix,vi) < g{x,V2) = Q^_p_|y|[T(z;2); w], 

and since T{vi) = f = T{v 2 ) on duj, we get from Lemma l5.1 1 with V = \V\ and Q = g{x, ui) that < T{v 2 ) 
in (jj. 

Let V G be a subsolution of (I5.21 l. Then ^ |y| [n] = ^ y[v\+G{x, v) — g{x) < G{x, v) 

in uj, in the weak sense, and thus u is a subsolution of (15.31) . On the other hand, T{v) is a solution of (15.31) . Lemma 
I5.1l with V = \V\ and Q = G{x, v) gives v < T{v) a.e. in uj. This implies in turn that 

QA,p,v[nv)] =g + 2V- {\vr^v - \Tiv)r^T{v)) <g in cc, 

in the weak sense. 

Summarizing, if is a subsolution of (15.21 ) then T{v) is a subsolution of (15.21) such that v <T{v) a.e. in uj. In 
the same fashion, we can show that if u G W^’P(uj) O C{uj) is a supersolution of (15.21 ) then T{v) is a supersolution 
of (15.2b such that v >T{v) a.e. in uj. 

Defining the sequences 

UQ:=tp, := T(m„_i) = and uq := ip, Un '.= T{un-i) = n G N, 

we get from the above considerations that {«„} and {u„} increases and decreases, respectively, to functions u and 
u for every x G uj. Moreover, the convergence is clearly also in LP{uj) (by Theorem 1.9 in 11251 1. Then, using an 
argument similar to the proof of Pror)osition l2.111 it follows that u and u are fixed points of T, and both solve (15.2b 
and satisfy 'tjj<u<u<(j) in uj. 

The uniqueness claim follows from part (iii) of Lemma [33] ■ 

Finally, we extend the WCP (cf. ||T7][36]|4T]) 

Theorem 5.3 (Weak comparison principle). Let oj C M" be a bounded Lipschitz domain. Suppose that A is a 
uniformly elliptic and bounded matrix in uj, and g, V G M‘^(jj;uj) with g > 0 a.e. in uj. Assume that Ai > 0, 
where Ai is the principal eigenvalue of the operator Q'j^ ^ y defined by 0.3b . Let U 2 G W^’P(uj) D G{uj) be a 
solution of 

I Q'a, p, vb^2] = g inuj, 

[ U 2 > 0 on duj. 

Ifui G W^’P(uj) n G{uj) satisfies 


Q'a, p,vi^i] < Q'a,p,v{u 2 ] inuj, 
Ml < U2 on duj, 


then, Ml < M2 in uj. 

Proof. Since U 2 is a supersolution of (12.3b in uj that is positive on duj, the strong maximum principle implies 
M 2 > 0 in UJ. Let c := max{l, max^j mi/ min^j M 2 }, then mi < cu 2 in uj. Consider now the problem 


Q'a,p,v['^\ = g 

V = U2 on duj. 


(5.4) 


By the choice of c and our assumption we have that cu 2 is a supersolution of (15.4b such that mi < M 2 < CU 2 on duj, 
while Ml is a subsolution of (15.4b . Applying Proposition 15.21 with ijj = ui and f = CM 2 , we get a unique solution 
V of (15.4b such that ui < v < CM2 in uj and m = M2 on duj, in the trace sense. Clearly, m is a supersolution of (12.3b 
in u! that is positive on duj. Again, by the strong maximum principle, we get m > 0 in (D. By the uniqueness of the 
boundary problem (15.4b (Proposition l5.2b . we have v = M 2 . Hence, mi < M 2 in uj. ■ 
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5.2 Behaviour of positive solutions near an isolated singularity 

Using the weak comparison principle of the previous subsection (Theorem l5.3l) we study the behaviour of positive 
solutions near an isolated singular point. We have 

Theorem 5.4. Let p < n and xg € fl. Suppose A and V satisfy hypothesis {HO) in LI, and let u be a nonnegative 
solution of the equation p = 0 inQ\ {o^o}- 

1. Ifu is bounded near xg, then u can be extended to a positive solution in U. 

2. Ifu is unbounded near Xg, then lim u{x) = oo. 

X—fXQ 

Proof 1. This is a special case of ll2^ Theorem 3.16], which is in turn an extension to U € Ll) of ll44l 

Theorem 10], where V is assumed to be in for some q > n/p. In particular, this part of the theorem holds 

true for solutions of arbitrary sign in U \ o, where o is a set having zero p-capacity. 

2. We follow the argument in US (for a bit different argument see Il44l p. 278]). Without loss of generality, 
we assume that a:o = 0 and i?r(0) <s LI. For r > 0, we denote the ball := Br{0), and the corresponding sphere 
Sr := dBr- 

Since limsup 3 ,_jg u{x) = oo, there exists a sequence C LI converging to 0, such that u{xk) —>■ oo 

as fc —>• oo. Let = \xk\, where k = 1,2,..., and consider the annular domains := Bgr^j^ \ For 

each k we scale to the fixed annulus A' := Bg/2{0) \ i7i/2(0). Note next that if m is a solution of the equation 
Q'a p y b] = 0 in U \ {0}, then for any positive R, the function uii{x) := u{Rx) satisfies the equation 

Q'ar,p,Vr[ur] ■■= -div^fl{|Vufl|^'^^Ai{(a:)Vuij} + Vr{x)\urY~‘^ur = 0 in LIr, (5.5) 

where Ar(x) := A{Rx), Vr{x) := RPV{Rx), and LLr := {x/R | a; S U \ {0}}. Applying thus the Harnack 
inequality in A', we have for k sufficiently large 

sup u{x) = sup Ur^{x) < C inf Ur^{x) = C inf u{x), (5.6) 

a;gAfc rceA' x&Ak 

where the positive constant C is independent of r^. To see this for example in the case p < n, observe that 
||1 /r||m9(a') = (Kr) by our assumptions on q we have that the exponent on R is nonnegative 

(it is in fact positive). Now from (I5.61 l we may readily deduce 


minwia:) 

Sru 


OO 


oo. 


(5.7) 


Let u be a fixed positive solution of the equation Q'^ p y [tt'] = 0 in Bi, and set for 0 < r < 1 


nir 


:= min 

Sr 


u{x) 

v(x) 


Then, as in ifTSi Lemma 4.2], the WCP implies that the function is monotone as r —0. This together with (I5.71 l 
imply that m^. is monotone nondeceasing near 0. Therefore, limr^o = oo, and thus, lima;^o u(x) = oo. ■ 


Remark 5.5. The asymptotic behavior of positive solutions of the equation Q'^ p y [t^] = 0 near an isolated singular 
point remains open for further studies (see insiiiaiiii and the references therein for partial results). 


5.3 Positive solutions of minimal growth and Green’s function 

The following notion was introduced by Agmon El in the linear case and was extended to p-Laplacian type 
equations of the form (11.41) in lf38l and E^ . 

Definition 5.6. Let Kg be a compact subset of U. A positive solution u of (12.3b in fl \ Kg is said to be a positive 
solution of minimal growth in a neighborhood of infinity in LI, and denoted by u G A4q-Ko7 if for ^oy smooth 
compact subset of LI with Kg (g intiT, and any positive supersolution v G C{{Lt\ intAT) of (12.3b in U \ AT, we 
have 

u < V on dK => u < V in Ll \ K. 

If M G A4 q; 0, then u is called a global minimal solution o/dZl in LI. 
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We first prove that if Qa,p,v is nonnegative in il, then for any xq G fl, A4n;{xo} ^ This result extends the 
corresponding results in 138][33, and 1(3^ . 

Theorem 5.7. Suppose that Qa,p,v nonnegative in 17 where A and V satisfy hypothesis (HO). Then for any 
xq G 17, the equation Q'^ p =0 admits a solution u G Adn;{a:o}- 

Proof We fix a point xo G 17 and let be a sequence of Lipschitz domains such that xq GoJi,oJi (e Wi+i (e 

17, where * e N, and = 17. Setting ri := sup^g^^^^ dist(x; dui) (the inradius of wi), we define the open 

sets 

[/-l := iUi \ (^o)- 

Pick a fixed reference point xi G Ui and note that Ui g UiAi] * G N, and also UigNC/i = 17 \ {xq}. Let also 
fi G (i?rj/j(xo) \ Brj^/(j_|_i)(xo)) \ {0} be a sequence of nonnegative functions. The nonnegativity of Qa,p,v 
implies Xi{QA,p,v+i/i\ Ui) > 0, and thus by Theorem B.lOl we obtain for each f G N, a positive solution Vi of 

f *3!4 ,p,v"+i/J^] “in t/i, 

\ u = 0 on dUi. 

Normalizing by Ui{x) := Vi{x)/vi{xi), the Harnack convergence principle (Pror)osition l2.1 11 1 implies that {itijigN 
admits a subsequence converging uniformly in compact subsets of 17 \ {xq} to a positive solution u of (I2.31 l. 

We claim that u G Mq-Jxo}- To this end, let K be a compact smooth subset of 17 such that Xq G intK, and let 
V G C(ft \ intiL) be a positive supersolution of (I2.31 l in 17 \ iL with u < v on OK. Let 5 > 0. There exists then 
frr G N such that supp{/i} <e K for all i > Ik, and in addition Mi < (1 + 5)v on d(u}i \ K). The WCP (Theorem 
l531 l implies Mi < (1 + 5)v in Wi \ K, and letting i —>• oo we obtain m < (1 + 5)v in 17 \ iL. Since 5 > 0 is arbitrary 
we conclude m < m in 17 \ iL. ■ 

Definition 5.8. A function u G having a nonremovable singularity at xq is called a minimal positive 

Green function ofQ'j^ y in 17 with a pole at xq. We denote such a function by y (x, xq). 

The following theorem states that criticality is equivalent to the existence of a global minimal solution, that is 
Ai A5 in the Main Theorem presented in the introduction. It extends ll^ Theorem 9.6] and also ll^ Theorem 
5.5] and li^ Theorem 5.8]. 

Theorem 5.9. Suppose that Qa,p,v A nonnegative in 17 with A and V satisfying hypothesis (HO) ifp > 2, or (HI) 
ifl<p<2. Then Qa,p,v A subcritical in 17 if and only if 1 12.51 ) does not admit a global minimal solution in 17. In 
particular, f is a ground state of ( 12.31 ) in 17 if and only if f is a global minimal solution 0/(0 in 17. 

Proof To prove necessity, let QA,py be subcritical in 17. Clearly (By the AP theorem) there exists a continuous 
positive strict supersolution v of (I2.31 l in 17. We proceed by contradiction. Suppose there exists a global minimal 
solution M of (I 2 . 3 I 1 in 17 and fix AT to be a compact smooth subset of 17. Let eqk '■= min^/f v/u. Then 
£dKU < V, and is also a positive continuous supersolution of (12.3b in 17. Using it as a comparison function 
in the definition of m G Af o;®, we get eoku < m in 17 \ AT. Letting also ek ■= min/f v/ max^ m, we readily have 
eru < V in K. Consequently, by setting e := minjea^j £k} we have 

Eu < V in 17. 


Now we define 

£0 := max{£ > 0 such that eu < v in 17}, 

and note that since Equ and v are respectively, a continuous solution and a continuous strict supersolution of (12.3b 
in 17, we have Equ ^ v. There exist thus xi G 17, and S,r>0 such that Br (xi) C 17 and 

(1 + 5)eoM(x) < m(x) for all X G i3r-(a;i). 

But since u G Aln ;0 it follows that 

(1 + S)eou{x) < v{x) for all X G 17 \ Br{xi). 
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Consequently, (1 + 6)eou(x) < v{x) in 17, which contradicts the definition of Eq. We note that in the proof of this 
part, we did not use the further regularity assumption (HI). 

To prove sufficiency, assume that Qa.p,v is critical in 17 with ground state (f) satisfying (t>{xi) = 1, for some 
xi S 17. We will prove that (p G A4q;0. To this end, consider an exhaustion {wijigN of ^ such that Xg G wi and 
xi G 17 \ wi. Fix j G N, and let G C^(Br.^/j(xo)) \ {0} satisfy 0 < fj{x) < 1, where as in the previous proof 
we write ri for the inradius of oji. Let Vij be a positive solution of 

J Q'A,p,vb>] = fj inwi, 

z) = 0 on duji- 

The WCP (Theorem l5.3l) ensures that the sequence {fij jigN is nondecreasing. If {vij{xi)} is bounded, then the 
sequence converges to Vj, where Vj is such that Q'j^ ^ ~ fi i*' Thus Vj would be a strict supersolution of 

(12.3b . which contradicts Theorem l4.151 since the ground state p is the only positive supersolution of (5^ pv\'^] “ 

in 17. Therefore, Vij(xi) oo as i oo. Defining thus the normalized sequence Uij{x) := , by the 

Harnack convergence principle (Pror)osition l2.11b we may extract a subsequence of {uij } that converges as z ^ oo 
to a positive solution Uj of the equation (12.3b in 17. Once again by the uniqueness of the ground state, we have 

Uj = (f). 

Now let K he a smooth compact set of 17 and assume that xg G int(iT). Let v G (7(17 \ intiT) be a positive 

supersolution of (12.3b in 17 \ iT such that p < v on dK. Let j G N be large enough, so that supp{/j} (e K. For 

any S > 0 there exists G N such that for z > z^ to have 

[0 = Qa,p,vKj^ ^ Qa,p,vM in \ K, 

{Q'a,p,vW\>^ ina;*\iT, 

[o < zzij- < (1 + (5)z; ond{u:i\K), 

which implies that </> = zz^ < (1 + 6)v in 17 \ iT. Letting <5 —>• 0 we obtain (^ < zi in 17 \ iT. ■ 

To conclude the paper, it remains to establish the equivalence between Ai and Ag of the Main Theorem. 

Theorem 5.10. Suppose that Qa,p,v B nonnegative in 17 with A and V satisfying hypothesis (HO) if p > 2, or 
(HI) ifl < p <2. Let u G Mq,^{xo} for some Xg G 17. 

a) Ifu has a removable singularity at xg, then Qa,p,v is critical in 17. 

b) Let 1 < p < n, and suppose that zz has a nonremovable singularity at Xg, then Qa,p,v is subcritical in 17. 

c) Letp > n, and suppose that u has a nonremovable singularity at Xg. Assume further that liuix^xo u{x) = c, 
where c is a positive constant. Then Qa,p,v is subcritical in 17. 

Proof, a) If zz has a removable singularity at xg, its continuous extension is a global minimal solution in 17, and 
Theorem l5.9l assures that Qa,p,v is critical in 17. 

b) Assume that zz has a nonremovable singularity at xg, and suppose for the sake of contradiction that Qa,p,v 
is critical in 17. Theorem l5.9l imr)lies the existence of a global minimal solution v of (12.3b in 17. By Theorem l5.4l 
we have lim 2 :_s.xo u{x) = oo, and thus by comparison z; < ezz in 17, where e is an arbitrary positive constant. This 
implies that z; = 0, a contradiction. 

c) Suppose that Qa.p.v is critical in 17, and let z; > 0 be the corresponding global minimal solution. We may 

assume that z'(a;o) = c. Since both zz and v are continuous at xg, it follows that for any e > 0 there exists > 0 

such that for all 0 < 5 

(1 — £)u{x) < v{x) < (1 + e)u{x) \/x G dBs{xg). 

Since zz and v are positive solutions (in 17 \ {xq} and 17, respectively) of minimal growth at infinity in 17, the above 
inequality implies that 

(1 — E)zz(a;) < v{x) < (1 + £)u{x) Vtc G 17 \ {ccq}. 

Letting e —0, we get zz = zi in 17, which contradicts our assumption that zz has a nonremovable singularity at 

a;o. ■ 
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Remark 5.11. For sufficient conditions ensuring that in the subcritical case with p > n, the limit of the Green 
function y (x, tco) as a; —>■ Sq always exists and is positive, see ifThll . 
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